In this paper, we study the representations of Hopf C*-algebras; the main result is that every irreducible left unitary representation of a Hopf C*-algebra with a Haar measure is finite dimensional. To prove this result, we first study the comodule structure of the space of Hilbert-Schmidt operators; then we use this comodule structure to show that every irreducible left unitary representation of a Hopf C*-algebra with a Haar measure is finite dimensional.
Introduction
It is well known that, for compact groups, every irreducible unitary representation is finite dimensional. For a simple proof about this result, we refer to [N] . In this paper, we will generalize this result to Hopf C*-algebras with Haar measures; namely, we will prove that every irreducible left unitary representation of a Hopf C*-algebra with a Haar measure is finite dimensional. To prove this result, we first study the comodule structure of Hilbert-Schmidt operators; then we use the result about Hilbert-Schmidt operators to show that every irreducible left unitary representation is finite dimensional.
In earlier work in this direction, Woronowicz [W] proved that every irreducible unitary representation of a compact matrix quantum group is finite dimensional; the author [Q] showed that for a Hopf C*-algebra with the PeterWeyl property, every irreducible unitary representation is finite dimensional. The previous approach depends heavily on the Peter-Weyl property. Here we are going to generalize these results; the method we use is elementary, which does not use the Peter-Weyl property.
Before we turn to the contents of the paper, let us recall the definitions of Hopf C*-algebras, representations, and Haar measures of Hopf C*-algebras.
Let A be a C*-algebra with a dense *-subalgebra sé and <P: A -> A ® A a We say that e: stf -> C is a counit of A if e is a C*-homomorphism and the following diagram commutes:
We say that (A, O, k, e A left unitary representation n of A on a Hubert space H is a comodule map from H into sé ®H such that (n(x), n(y)) = (x,y), Vx,yeH.
Let (A,Q>, k,e) be a Hopf C*-algebra and a a positive linear functional. We say that a is a left Haar measure if, for all x* e A*, we have x* 'O = (x*, I)a.
Similarly, we can define a right Haar measure.
Note that for a left (right) Haar measure a, we have a(k(a)) = a(a), Va G sé . For a proof of this result, we refer to [W] .
Finally, we come to the contents of this paper. In §2 we study the comodule structure of Hilbert-Schmidt operators. The main results in this section are that, for any two Hilbert spaces HX,H2, which are left unitary left sé-comodules, where sé is the dense *-subalgebra of a Hopf C*-algebra, the space Hiom2(Hx, H2) of Hilbert-Schmidt operators from Hx to H2 has a natural right sé -comodule structure. Also we give a characterization that under what condition a Hilbert-Schmidt operator is a comodule map. In §3 we first show that the space of Hilbert-Schmidt operators is invariant under the action of a Haar measure. Then we use the results in §2 to show that every irreducible left unitary representation of a Hopf C* -algebra with a Haar measure is finite dimensional.
Comodule structure for Hilbert-Schmidt operators
In this section, we are going to endow a comodule structure to the space of Hilbert-Schmidt operators between two Hilbert spaces which are left unitary comodules of a Hopf C*-algebra.
Let tYi , H2 be Hilbert spaces. An operator T e B(HX, H2) is said to be a Hilbert-Schmidt operator if, for one orthonormal basis (<?/) c Hx, £, \\Te¡ \\2 < oo. Let Hom2(Hx, H2) denote the space of all Hilbert-Schmidt operators from Hx to H2. For every T e H2(H2, H2), let \\T\\22 = Yi\\Tej\\2. i
It is well known that (Hom2(Hx, H2), \\ • \\2) is a Hilbert space with the inner product given by (Tx,T2) = "£(Txex,T2ex). i
Now let (A,<S>, k, e) be a Hopf C*-algebra with a dense *-subalgebra sé . Suppose that Hx, H2 are also left unitary j/-comodules with structure maps y/x and y/2. Fix orthonormal bases {e}} , {e2} for Hx, H2 respectively. Suppose that ¥\ («i ) = £ fl/* ® ** ' Me]) = Yal® e2. Proof. The equivalence between (1) and (2) and (3) and (4) is well known. So we only need to prove the equivalence of (1) 
Finite dimensionality of irreducible unitary representations
In this section, we are going to show that every irreducible unitary representation of a Hopf C*-algebra with a Haar measure is finite dimensional. We begin the section with the following result, which is the consequence of Theorem 2.2. O^XeC such that o • (ep ® eq) = A • 7. Thus we get that I e Hom2(//, H). This implies that dimTY < oo. This finishes the proof.
